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ABSTRACT The behavior of a coupled three-state kinetic scheme is examined to see if
it might be a viable model for the conductance changes of sodium channels. It is found
that for simulations of experiments which determine the properties of the Hodgkin-
Huxley m and A gates, the three-state scheme performs approximately equivalently to
the Hodgkin-Huxley model. In particular, the three-state scheme successfully simu-
lates those experiments which the Hodgkin-Huxley model successfully simulates, but
fails to simulate those newer voltage clamp experiments which give results anomalous
to the H-H model. It is concluded that the three-state scheme is probably as good as
the H-H model, but is not a viable successor to it.

In a recent paper in this journal, Goldman (1975) proposed a description of sodium
conductance changes in Myxicola giant axon in terms of a generalized second-order
variable and suggested that this description may be interpreted physically as cor-
responding to the following kinetic scheme:

(conducting state)
B

k‘%z ks
AC

(resting state) A — C (inactivated state)
kca H

I have done computations on the properties of this scheme which I believe are rele-
vant to Goldman’s proposal. In particular, I have fit scheme 1 with numerical values
for the rate constants which make it mimic closely the Hodgkin-Huxley model for the
squid giant axon and have found that with these rate constants the model does not dis-
play either the inactivation shift or the 7, vs. 7. separation seen in Goldman’s data.
Further, I was not able to find any set of rate constants which would make the model
display these features.

In addition to the above computations I attempted to calculate numerical values of
the rate constants corresponding to Goldman’s Myxicola data. For practically all
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voltages I found that some rate constants would have to be negative in order to match
those data.

The above results have led me to believe that scheme 1 is not a viable candidate for
the kinetic scheme underlying the sodium conductance changes. The calculations are
described below.

The first step is to write equations describing the dynamic and steady-state behavior
of scheme 1. A convenient set of three equations describing the model’s dynamic be-
havior is:

dB/dt = k3 A ~ (kga + ksc) B + kes C, (2)
dC/dt = kAcA + kscB - (kCB + kCA)C’ (3)
A=1-B-C. (4)

In equation 4, by normalizing A + B + C to unity, we now have each variable
A, B, C representing the fraction of the system in the resting, conducting, and in-
activated states, respectively. The steady-state values of 4, B, and C for any set of rate
constants can be calculated from the relationships:

Ao [Bo = kpa/kas; Bo/Cu = kca/kac; Co [Aw = Kkac/Kcas (3
together with Eq. 4. These steady-state values are
Au = 1+ Ghas/kna) + Chac/kca)l™, (6)
B. = [1 + (kpa/kas) + (ksc/kcs)]™ (N
Co = [1 + (kca/kac) + (kca/ksc)]™ (8)

After generating Egs. 2-8 which give a complete description of the dynamic and
steady-state properties of scheme 1, the next task is to decide on the best functional
relationship between the variable B and the sodium conductance and to evaluate the
voltage-dependent rate constants kg, kg4, kac, kcas ksc, and kcg. The evaluation of
these functions is partly analytical and partly trial-and-error, with the ultimate stan-
dard of verification of course being the closeness of fit to the desired behavior. In this
case we start out with the desired behavior being the Hodgkin-Huxley squid axon with
standard values for a,,, 8., ay, 8;. (Hodgkin and Huxley, 1952).

To get the same type of sigmoidal turn-on of the sodium conductance as for the
Hodgkin-Huxley model, it is appropriate to set:

8Na = gNa Bs- (9)
The initial velocity of the turn-on suggests the identification:
ki = am. (10)

In the Hodgkin-Huxley axon the system turns off under a sustained depolarization
primarily through the process with rate constant 8,. In scheme 1 this turn-off is pri-
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marily a transition from B to C, suggesting the identification kzc = 8,/3, where the
factor 3 is necessitated by the third-power relationship 9. This equation for ksc, when
used in the simulations, turned out to be close but readily improvable; the equation
finally settled on was:

ksc = 0.333/{1 + exp{ — (E + 38)/10]} ms~', ()

where E is absolute membrane potential in millivolts. The right side of Eq. 11 is just
Bx /3 shifted 8 mv in the depolarizing direction along the voltage axis.

One more defining equation for the rate constants comes from noting that the
steady-state conductance in the Hodgkin-Huxley axon is given by

Enao = ENa M5 ho. (12)
Comparing Eqgs. 9 and 12 gives:
B, = m.h/. (13)

Another defining relationship is suggested by deducing from the structure of the model
that the peak transient value of B for a depolarizing step to a given voltage will be
proportional to the combined population of 4 and B before the step. This idea sug-
gests that

C.=1-h2 (14)

As will be seen below, numerical simulations verify that Eq. 14 is quite accurate. By
difference

l —B. —Cu =1 —moh'® — | + B
(1 = my )2, (15)

Au:

Combining Egs. 13, 15, 5, and 10 gives

kpa = (A.[B)kyp = [(1 — m)/m.]a, = (Bn/an)anm,
ku = Bm' (16)

Eq. 16is a very interesting result, because since the time course of sodium tails on re-
polarization will be primarily through k,,, it means that the same value of k,, which
matches the time course of sodium tails will also match the steady-state sodium con-
ductance and the sodium turn-on kinetics.

The rate constant k., cannot be reduced to a very simple function of any of the
Hodgkin-Huxley a’s and §’s, but it can be determined. By combining Eqgs. 13, 14, 5,
and 11, we get:

kcg = (B. [C)ksc = [m hL(1 — hP) kg (17)

So far we have not considered &k, and k¢,. It turns out that if we set both of these
to zero, the model as defined above gives a good fit for almost all of the squid axon
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data except that it takes a much too long time for activation to be restored upon re-
polarization. This suggests setting the A—C pathway such that k., = @,. How-
ever this was found to create another problem, to wit: at large depolarizations the flux
through the A—C pathway was so large that the peak simulated sodium conductance
was much smaller than the experimental peaks which would be observed at those
voltages. The next step was to set k., such that it asymptoted to a, in the hyper-
polarized region and to zero in the depolarized region. A function that worked fairly
well was:

kca = a, /il + expl(E — 4)/8.64]}.

However, this function still gave a somewhat slower time course for removal of inac-
tivation on repolarization than the Hodgkin-Huxley model. An empirically de-
termined function that gave a good fit for the speed of this process was:

kca = {0.098 + exp[—(E + 106)/12.6)}/[1 + exp(E + 34))ms~!, (18)
then k , can be calculated by:
kac = (Co /AN kes = [(1 = BP)/(V = m )R} -key. (19)

Egs. 9-11, 16-19 give numerical values for the parameters of scheme 1 which
mimic the Hodgkin-Huxley model fairly closely. With these parameters the model
voltage clamp behavior differed most significantly from the Hodgkin-Huxley model in
two respects: (a) the time courses of conditioning inactivation in response to a de-
polarizing step, and of removal of inactivation in response to a hyperpolarizing step,
are sigmoidal rather than exponential, and () the time course of conditioning inac-
tivation in response to a depolarizing step is more rapid than removal of inactivation
in response to a hyperpolarizing step to the same voltage, rather than the two being
equally rapid. With regard to (a) above, the sigmoidal time course of conditioning for
depolarizing steps is noted in Goldman’s paper. Schauf (1974) has investigated the
time course of conditioning for hyperpolarizing steps in Myxicola, and has found the
sigmoidal shape there also.

The results of the most significant simulations are shown in Figs. 1-5. These figures
summarize the ways in which scheme 1 matches and fails to match the Hodgkin-
Huxley model. (Although the equations of this model have solutions in closed form
for the voltage-clamp case, I found it most convenient to generate the simulations by a
numerical analysis program already in use for other purposes. Hence the simulated re-
sults are by a 4th order Runge-Kutta integration method with variable step size, avail-
able as part of the Continuous Systems Modeling Program on the University of
Illinois IBM 360/75 digital computer.) Fig. la shows peak values of B? for scheme 1
and m>h for the Hodgkin-Huxley model as functions of voltage for depolarizing steps
from E = —90 mV. Fig. 1b shows time-to-peak for these same simulations. The
agreement between the two models is fairly good and could probably be made very
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FIGURE |  Characteristics of rising phase of sodium conductance in simulated voltage step from
holding potential of E = —90 mV. (a) Peak gn,/8na and (b) time-to-peak, in milliseconds, for
same simulations. +, scheme 1, and - - -, Hodgkin-Huxley axon.

good with more effort at parameter fitting. Fig. 2 shows time constant for sodium
turn-off tails on repolarization from a high conductance state, for

B
7 "\
A = C
and the Hodgkin-Huxley models. Agreement is seen to be very good as would be ex-
pected from the values of k.5 and k5, used in Eqs. 10 and 16. Figs. 1 and 2 summarize
the degree of agreement between the two models for those experiments particularly
revealing of the properties of the Hodgkin-Huxley m process. Fig. 3 shows steady-
state inactivation as a function of voltage for scheme 1 as determined by h, =
(1 — C.)? and also as determined by simulated test pulses to E = —28, -9, and 39
mV. For the simulation, the inactivation was judged to be the peak conductance
normalized to the peak conductance as measured by a step from a holding potential
of E = —90 mV. It can be seen that there is no inactivation shift of the type seen by
Goldman even down to a test voltage at which gy, /gn..max i @about 0.23, and that Eq.
14 is a good description of the steady-state inactivation.

It is natural to think of extending Eq. 14 to the time-varying case, that is, to suppose

E. JaAkoBsSON Coupled Three-State Kinetic Model for Na Conductance Changes 295



- O4ms
030 o )
/
0.25¢+ -90 /
t— /7
/
/
o ’

02 ’ Simulated
“ il Time Constant for
g s Sodium Turn-off
3015+ Pa) on Repolarization
N ,’ ot Inward Current
~ e Peok o

-,
oif - o / \‘
td
. - A=—=C
- - = Hodgkin - Huxley
0.05 o model
0 1 1 1 1
-70 -60 -50 -40
E,mV—

FIGURE 2 Simulated time constant for sodium conductance decay on repolarization after a
depolarizing step to a high conductance state. Stimulus pattern (a step of 0.4 ms duration to £ =
40 from holding potential of £ = —90 mV, followed by repolarization to various levels of E)
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is shown in insert. Results of simulation represented by + for Z \l model, and - - - for
Hodgkin-Huxley model. A= c

h = (1 — C)? where h and ¢ are varying with time. Fig. 4 shows the results of simu-
lations designed to test this point. The value of (1 — C)® vs. time was determined for a
particular voltage step and then two-step experiments were simulated with a second
step of E = 39 mV imposed at various durations of the conditioning step. The inac-
tivation is the ratio of the peak conductance during the test step to the peak conduc-
tance achieved by stepping directly to £ = 39 mV from a hyperpolarized level. It is
seen that the relationship we are testing is only approximately true; i.e.

h=~(1 - C). (20)

Simulations of a range of potential steps show that Eq. 20 is very accurate when the
sodium conductance is small and less accurate when the sodium conductance is large.
Also, simulations of depolarizing conditioning steps to the plateau region of the
8Na/€Na.max CUrve (E > ~ —9 mV) show no current peaks during the test pulse.

Fig. 5 shows simulated inactivation time constants as a function of voltage, meas-
ured three ways: (i) by the fall-off of sodium conductance during a sustained de-
polarization, (ii) by time course of conditioning from a hyperpolarized holding po-
tential, and (iii) by time course of conditioning from a depolarized holding potential.
None of these processes are, of course, actually a pure exponential. The time constants
are fit by eye to the major portion of the simulated process, using the equation:

h =h, + (hy — h,)exp(—t/Th). (21)

In the case of (i) the fit was to the portion of the curve following the peak conductance
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FIGURE 3 Simuilation of experiments designed to show “inactivation shift.”” = Dashed line is
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FIGURE 4 Comparison of time course of conditioning as simulated by monitoring (1 — C)3
and by full simulation of two-step experiment. In the two-step simulations the test potential
is E = 39 mV. The conclusion from this and similar comparisons over a range of voltages is
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low.
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FIGURE 5 Simulated 7, as a function of voltage determined by three methods, (i) fall-off of
sodium conductance, (ii) time course of conditioning from a hyperpolarized conditioning po-
tential, and (iii) time course of conditioning from a depolarized conditioning potential. The
simulations show that for voltages where more than one method can be used to determine 7,
Ty = 7 and 7 ;; < 7 ;. In contrast, experiments of Goldman and others show 7, ; < 74 ;.

while in the cases of (ii) and (iii) it was that portion of the curve following the initial
delay. It is readily seen in Fig. 5 that there is no 7, vs. 7, separation of the type
seen in Goldman’s paper. A second point worth noting in Fig. 5 is that the condition-
ing is faster at a particular potential when the system is stepped from a hyperpolarized
holding potential than from a depolarized one. This is the most significant differential
prediction that was found between scheme one and the Hodgkin-Huxley model. Figs.
3, 4, and S summarize the behavior of scheme 1 in simulations of experiments most
revealing of the properties of the Hodgkin-Huxley A process.

Clearly these simulations do not behave qualitatively like Goldman’s data. One pos-
sibility is that these parameters are specific for squid and if one used Myxicola data to
do the fitting one would get the inactivation shift and the 7, — 7, separation. This
possibility was explored in two ways. One way began with noting that the
A<—=B==C model, which is just scheme 1 with k,. = k., = 0, does not
give these behaviors (also noted by Goldman). Therefore simulations were tried in
which all of the other rate constants were held the same and the magnitudes of &,
and k., were increased, keeping their ratios constant. In this way scheme 1 was made
to give a much worse fit to the Hodgkin-Huxley axon in many ways, but an inactiva-
tion shift was never induced. As far as the 7, vs. 7, separation, it was found that
increasing k., and k,. always made the conditioning time course faster relative to
the turn-off, rather than vice versa as in Goldman’s data. Since scheme 1 with
kesa = koo = 0 always gave 7, =~ 7,, and since increasing k., and k. always made
conditioning faster relative to turn-off, the results of these computations seemed to
suggest that scheme 1 can never give 7, appreciably slower than 7.

A second way of exploring this issue was to attempt to fit scheme 1 with parameters
calculated directly from data in Goldman’s paper. The necessary data come from the
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TABLE 1|
CALCULATION OF RATE CONSTANTS IN SCHEME 1 FROM DATA OF
GOLDMAN (1975) USING EQS. 22, 24, AND 25

For almost the entire voltage range some of the calculated rate constants are negative, but the significance
of this result in the far depolarized region may be questionable (see text).

o

v a b (-sum of K's) ve (V-lf::;) e (roBee.26) kptig, S?k:l,:i“)
-3 125 0.123 1.37 0.20 0.802  0.760 2.24 3.04 -1.67
33 1.69  0.19 1.85 0.25 126 0.615 1.84 3.14 -1.29
223 2.8 0.237 3.05 0.3 240 0.483 0.910 3.31 -0.26
213 381 0.219 a.03 0.3 349 0.377 0.269 3.76 0.27
-3 441 o0.253 1.66 0.3 a.20  0.293 -0.685 —_ —
7 513 0.300 5.43 0.35 a.80  0.227 -1.72 — —
17 597 0.356 6.33 0.35 5.68  0.176 -2.99 — —
27 618 0.409 6.59 0.35 5.8  0.157 -3.56 —_ —_
37 7.2 0.399 7.52 0.35 6.55  0.106 -4.55 —_ —
47 7.68  0.508 8.19 0.35 6.99  0.0826 -5.33 — —

following parts of Goldman’s paper: »*(0), »,, a, and b from Table II and Fig. 2
and & from Fig. 6. The rate constant k,, may be easily calculated as follows:

-

k,p = #*(0). (22)

Since Goldman set his conductance proportional to B®, Eq. 14 becomes for this
system:

C,=1-hn/ (23)
We can solve for k,, in terms of Goldman’s » ., »*(0), and 4, as follows
kg = (Ao /B)kyp = [(1 — C, — v )/v,]-9*(0) = (WS — v, )9*(0)/v,. (24)

It can be shown from relaxation theory (Eigen, 1968) or by simply solving the equa-
tions of the system that the sum of the reciprocals of the time constants is equal to the
sum of all the rate constants in scheme 1;i.e.

a+b=kyy+ ko + koo + key + kpe + keg. (25)

Table I gives the results of using Egs. 22, 24, and 25 together with Goldman’s data to
solve for k5, kg,, and (k5 + kg, + koc +kcq + ke + keg). It is seen that only in
one small region over the whole voltage range can the scheme possibly have a solution
in which all of the rate constants are positive. For V' = -3 to 47 k,,, is negative, and
for V= —43t0 =23 k5 + kg, > kyp + kg + kyc + kcy + kg + kcg, meaning that
one or more of the other rate constants must be negative.

The above calculations are not totally conclusive however, because they neglect
experimental error. That is, if one put reasonable error bars on Goldman’s data it
might be possible somewhere within the range of those error bars to fit scheme 1 with
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positive rate constants. This is especially true in the far depolarized voltage region,
where the v, and & used to calculate k,, by Eq. 24 represent currents that would be
almost vanishingly small. Of course in this voltage region, the data are rather well fit
by the Hodgkin-Huxley model. On the other hand, in the region of moderate de-
polarization the errors one would have to postulate in the data, to find (k,; + kz,) <
(a + b), seem implausibly large. If the errors were large enough to accommodate the
theory, one would begin to suspect the validity of the experiments. In addition, Gold-
man and Hahin (1975) have made an exhaustive set of full computations on this point
for a pair of potentials (one conditioning potential and one test potential). They found
no set of positive rate constants which would fit the data to within experimental error.

The above considerations seem to me to weigh heavily against scheme 1 as a viable
candidate for the functional subunit of the sodium channel. This is especially true
since the 7. vs. 7, separation appears to be quite general, having also been seen in
giant axon of squid (J. W. Moore, personal communication), giant axon of lobster
(Oxford and Pooler, 1975), and axon from blue crab walking leg (J. A. Connor, per-
sonal communication). It is interesting to note that the primary reason for ruling out
scheme 1 is not that it is not as good as the Hodgkin-Huxley axon but rather that it
and the Hodgkin-Huxley axon fail in the same ways to meet the newer voltage clamp
data. In the last paper of their classic 1952 series, Hodgkin and Huxley (1952) wrote
“First, we might assume that the sodium conductance is determined by a variable
which obeys a second-order differential equation. Second, we might suppose that it
is determined by two variables, each of which obeys a first-order equation. ... The
second alternative was chosen since it was simpler to apply to the experimental re-
sults.” The results given in this paper seem to me to support the wisdom of these
words. Although there are some differences in their behaviors, the two kinds of model
appear to fit equally well (and equally imperfectly) the voltage-dependent sodium
kinetics in normal bathing solution.

It seems not constructive to write entirely about a model that seems unpromising
without pointing out more promising alternatives. With regard to the 7, > 7, phe-
nomenon, I believe the key point may be to construct a model or models which have
more pathways for turning off the conductance from a sustained depolarization than
they have for conditioning. The apparent reason that scheme 1 doesn’t give this be-
havior is that under a sustained depolarization there is only one turn-off pathway
(B — C) but two conditioning pathways (4 — B — C and 4 — C). There are
two models recently proposed for the sodium conductance which have dual turn-off
pathways, (Jakobsson and Scudiero, 1975; Moore and Cox, 1975) and which therefore
are promising in this respect. Also, a model which involves a transient excited state
added to scheme 1 as a precursor to the conducting state has this capability, and will be
the subject of a later communication.
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